In this paper, φ convex −ψ concave mixed monotone operators are introduced and some new existence and uniqueness theorems of fixed points for mixed monotone operators with such convexity concavity are obtained. As an application, we give one example to illustrate our results.
Introduction
The study of mixed monotone operators have been discussed by many authors since it was introduced in 1987, because it has not only important theoretical meaning but also wide applications. Recently, some authors focused on mixed monotone operators with certain concavity and convexity (see [3, [5] [6] [7] [8] [9] ).
In this paper, we introduce φ convex −ψ concave mixed monotone operator which is different from previous ones. The questions discussed in literatures are concavity in essence. However, the questions discussed in this paper are convexity in essence, of which results are seldom seen up to now. Our methods are different from previous ones, that is to say we seek pre-images instead of images for mappings. The aim of this paper is to obtain the existence and uniqueness of positive fixed points for φ convex −ψ concave mixed monotone operators without assuming the operators to be continuous or compact. To demonstrate the applicability of our results, in the final section of the paper, we give an application to certain integral equations.
Preliminaries
Here we present some concepts. For details see [1] [2] [3] [4] .
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Let E be a real Banach space. We denote the zero element of E by θ . A non-empty convex closed set P ⊂ E is called a cone in E if it satisfies (i) x ∈ P , λ 0 ⇒ λx ∈ P ; (ii) x ∈ P , −x ∈ P ⇒ x = θ . E can be partially ordered by the cone P ⊂ E, that is, x y (or y x) if and only if y − x ∈ P . If x y and x = y, then we denote x < y (or y > x). Denote [x, y] = {z ∈ E | x z y}, where x, y ∈ E and x y.
A cone P is said to be solid ifP = {x ∈ P | x is an interior point of P } = ∅. We write x y (or y x) if y − x ∈P .
It is easy to see that we can choose t 0 ∈ (0, 1) sufficiently small such that x 1 t 0 y for ∀x ∈ E and y ∈P . Hence, we can also choose t 0 ∈ (0, 1) sufficiently small such that t 0 y x 
φ(t, x)ψ(t, x) < t, and also A satisfies the following two conditions: (H 1 ) A(tx, y) φ(t, x)A(x, y) for ∀(t, x, y) ∈ (0, 1) × D × D; (H 2 ) A(x,ty)
Proof. By the condition (i), there exists u 1 ∈ S such that u 0 A(u 1 , v 0 ) u 1 v 0 , and then there exists
.).
Taking r n = sup{r ∈ (0, 1) | u n rv n }, one has 0 < r 0 < r 1 < · · · < r n < r n+1 < · · · < 1. Therefore, lim n→∞ r n = sup{r n | n = 0, 1, 2, . . .} = r * ∈ (0, 1]. Since r n+1 > r n = sup{r ∈ (0, 1) | u n rv n }, one has u n r n+1 v n . Noticing that S is complete ordered and λS ⊂ S for ∀λ ∈ [0, 1], we have u n < r n+1 v n . Hence,
Therefore,
We can prove that r * = 1. Otherwise we have r * ∈ (0, 1). Let n → +∞ in (3.1), by the condition (ii), we get
which is a contradiction. Since
by the normality of P , we know that u n+p − u n → θ (n → ∞) for ∀p = 1, 2, . . . , i.e., {u n } is a Cauchy sequence in E. Hence, there exists u * ∈ E such that u n → u * (n → ∞), and lim n→∞ v n = lim n→∞ u n = u * . It is easy to see
Finally, we show that u * is a fixed point of A in [u 0 , v 0 ] ∩ S. It follows from the mixed monotone properties of A that
Letting n → ∞, we have A(u * , u * ) = u * , which completes the proof. 2 Theorem 3.2. Let E be a real Banach space, P be a normal and solid cone of E, S be a complete ordered closed subset of E with S 0 = S \ {θ } ⊂P and λS
and lim s→t − ϕ(s, w 0 , w 0 ) < t for ∀t ∈ (0, 1).
Then A has at least one fixed point in 
Then A has at least one fixed point in
Then we have 
and
Then A has one unique fixed point in
By the condition (i), we can easily get:
That is to say that the condition (i) of Theorem 3.3 is satisfied, hence, all the conditions of Theorem 3.3 are satisfied. So we can get two sequences {u n } and {v n } with
u n r n v n , where 0 < r n < 1 (n = 0, 1, 2, . . .) and lim n→∞ r n = 1; and hence, lim
Now we prove that u * is the unique fixed point of
Hence, it follows from the normality of the cone P that x * = lim n→∞ u n = lim n→∞ v n = u * , which completes the proof. 2 Remark 3.5. Clearly, in Lemma 3.1, Theorems 3.
Theorem 3.6. Let E be a real Banach space, P be a normal and solid cone of E, S be a complete ordered closed subset of E with S 0 = S \ {θ } ⊂P and λS ⊂ S for ∀λ ∈ [0, +∞). Let A :
Then A has at least one fixed point in S 0 . 
Then A has one unique fixed point in S 0 .
Proof. Just as the proof of Theorem 3.5, we can choose t 0 ∈ (0, t 1 )
That is to say that the condition (i) of Theorem 3.4 is satisfied, hence, all the conditions of Theorem 3.4 are satisfied. By Theorem 3.4, we know that A has one unique fixed point
Now we show that the fixed point of A is unique in S 0 . In fact, suppose that x * , y * ∈ S 0 are both fixed points of A. We can choose the above t 0 ∈ (0, t 1 ) sufficiently small such that u 0 = t 0 h x * , y * ( x) ) is non-increasing (non-decreasing) in x, and is continuous from left in t. The condition (ii) of Theorems 3.6 and 3.7 should be changed into separately:
is non-increasing (non-decreasing) in x, and is continuous from left in t; moreover, there exists an element h ∈ S 0 such that 0 < φ(t, h) t 2 , 0 < ψ(t, h) t 2 for ∀t ∈ (0, t 1 ), where t 1 ∈ (0, 1] is a constant.
(3) In Lemma 3.1, Theorems 3.2-3.4, 3.6, 3.7 assume that the functions η : Theorem 3.9. Let E be a real Banach space, P be a normal and solid cone of E, S be a complete ordered closed subset of E with λS ⊂ S for ∀λ ∈ [0, 1] and S 0 = S \ {θ } ⊂P . Let A : P × P → P be a mixed monotone operator,
Proof. Set φ : (0, 1) × P → (0, +∞) and ψ : (0, 1) × P → (0, +∞) be φ(t, x) = t α and ψ(t, x) = t β for ∀(t, x) ∈ (0, 1) × P , separately. Then A :
, and lim s→t − φ(s, w 0 )ψ(s, w 0 ) = t α+β < t for ∀t ∈ (0, 1). Hence, all the conditions of Theorem 3.3 are satisfied. Therefore, by Theorem 3.3, the proof is completed. 2 Similar to Theorem 3.9, the following three theorems can be also obtained by using Theorems 3.6, 3,4, 3.7 separately, so we omit the proof. Then A has at least one fixed point in S 0 .
Theorem 3.10. Let E be a real Banach space, P be a normal and solid cone of E, S be a complete ordered closed subset of E with S 0 = S \ {θ } ⊂P and λS ⊂ S for ∀λ ∈ [0, +∞). Let A : P × P → P be a mixed monotone operator with A(S
0 × S 0 ) ⊂ S 0 . Suppose (i) for fixed y ∈ P , A(·, y) : P → P is α-convex; for fixed x ∈ P , A(x, ·) : P → P is −β-concave,
Theorem 3.11. Let E be a real Banach space, P be a normal and solid cone of E, S be a complete ordered closed subset of E with λS ⊂ S for ∀λ ∈ [0, 1] and S
Theorem 3.12. Let E be a real Banach space, P be a normal and solid cone of E, S be a complete ordered closed
subset of E with S 0 = S \ {θ } ⊂P and λS ⊂ S for ∀λ ∈ [0, +∞). Let A : P × P → P be a mixed monotone operator with A(S 0 × S 0 ) ⊂ S 0 . Suppose
Theorem 3.13. Let E be a real Banach space, P be a normal and solid cone of E, S be a complete ordered closed subset of E with λS
separately. Then A(tx, y) tA(x, y) + (1 − t)A(θ, y) φ(t, x)A(x, y), A(x, ty) t α A(x, y)
Theorem 3.15. Let E be a real Banach space, P be a normal and solid cone of E, S be a complete ordered closed subset of E with λS ⊂ S for ∀λ ∈ [0, 1] and S 0 = S \ {θ } ⊂P . Let A : P × P → P be a mixed monotone operator,
, +∞), where η(t, x) is monotone in x and continuous in t from left, and (t, x)
Then A has at least one fixed point in η(t, w 0 ) ) < t for ∀t ∈ (0, 1). So by Theorem 3.3, we complete the proof. 2 Theorem 3.16. Let E be a real Banach space, P be a normal and solid cone of E, S be a complete ordered closed subset of E with λS ⊂ S for ∀λ ∈ [0, 1] and S 0 = S \ {θ } ⊂P . Let A : P × P → P be a mixed monotone operator,
(e θ) with its characteristic function η : (0, 1) × P e → (0, +∞), where η(t, x) is monotone in x and continuous in t from left, and
Proof. Clearly, A(P × (P \ {θ })) ⊂ P e =P and [u 0 , v 0 ] ∩ S ⊂P = P e . Set φ : (0, 1) × P e → (0, +∞) and ψ :
< t for ∀t ∈ (0, 1). Hence, by Theorem 3.3, the proof can be completed. 2 Theorem 3.17. Let E be a real Banach space, P be a normal and solid cone of E, S be a complete ordered closed subset of E with λS ⊂ S for ∀λ ∈ [0, 1] and S 0 = S \ {θ } ⊂P . Let A : P × P → P be a mixed monotone operator, 
1+μ(t,w 0 ) < t for ∀t ∈ (0, 1). Hence, by Theorem 3.3, the proof can be completed. 2 Remark 3.18.
(1) The condition (i) of Lemma 3.1, Theorems 3.2, 3.3 and the condition (ii) of Theorems 3.9, 3.13-3.17 can be changed into the condition:
.).
And in this case, the results of these theorems can be changed into: "Then A has at least one fixed point x * in [u 0 , v 0 ] ∩ S, and lim n→∞ u n = lim n→∞ v n = x * ." (2) The condition (i) of Lemma 3.1, Theorems 3.2, 3.3 and the condition (ii) of Theorems 3.9, 3.13-3.17 can be changed into (I) or (I 0 ) as follows:
The condition (i) of Lemma 3.4 and the condition (ii) of Theorem 3.11 can be changed into the condition:
And in this case, the conclusions of these theorems can be changed into: "Then A has one unique fixed point x * in [u 0 , v 0 ] ∩ S, and lim n→∞ u n = lim n→∞ v n = x * ." (4) The condition (i) of Lemma 3.4 and the condition (ii) of Theorem 3.11 can be changed into (i ) or (i ) as follows:
(5) The condition (i) of Theorem 3.6 and the condition (ii) of Theorem 3.10 can be changed into the condition:
And in this case, the results of these theorems can be changed into: "Then A has at least one fixed point x * in S 0 , and lim n→∞ u n = lim n→∞ v n = x * ." (6) The condition (i) of Theorem 3.6 and the condition (ii) of Theorem 3.10 can be changed into (I 1 ) or (I 2 ) as follows: 
Applications
As an application of our results, we give only an example. ds for ∀x, y ∈P , and S = {μh | μ ∈ [0, +∞)}. Obviously, S is a complete ordered closed subset of E, S 0 = S \ {θ } ⊂P
